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Exchange correlation plays an important role in double-ionization of complex atoms by ultrashort
laser pulse. In this work, we investigate two-photon double inner-shell electron ionization of neon
induced by an attosecond extreme ultraviolent pulse in the framework of the quantum master
equation. Our simulations reveal a distinct non-sequential effect via broadened double peaks, as a
result of energy sharing between the two ionized electrons. When dissipation is included to show the
interplay of coherence and decoherence, the two-photon double-ionization scaling law breaks down.
We further study the total cross section of 2s2 double ionization as a function of photon energy in
both non-sequential and sequential regions.
PACS numbers: 32.80.Fb, 32.80.Rm, 34.80.Dp, 03.65.Yz
I. INTRODUCTION
The electron correlation of many-body problem is a
major challenge for chemistry and for atomic, molecu-
lar and condensed matter physics [1]. Electron dynamics
is commonly treated as a one-particle phenomenon be-
cause of the complexity of electron correlation. In the
last few decades, new techniques, including X-ray free-
electron lasers [2–6] and high harmonic generations [7–
14], have revolutionized the field of ultrafast short wave-
length light driven atomic and molecular physics [15].
Some intricate time-dependent laser-matter interactions
can be investigated experimentally, revealing the com-
plex nonlinear response of atoms to an external field.
In a many-electron atom, dynamic electron correlation
may contribute to those effects because the atom needs
intrinsic time to respond to the field on an attosecond
scale. Accordingly, dynamic electron correlation induced
by attosecond pulses has drawn much interest [15], and it
has become key to detailed understanding of correlation
in other areas [16, 17].
When a laser pulse interacts with an atom, double
electron ionization induced by two photons occurs si-
multaneously or sequentially, if the total energy of the
two photons exceeds the ionization energy of two elec-
trons. While two ionization events happen sequentially
for a longer pulse and can be regarded as non-correlated,
double-electron ejection is immediate for an ultrashort
pulse, revealing energy sharing between the two elec-
trons [19, 20]. In other words, the single active-electron
approximation breaks down, and a non-sequential dou-
ble ionization occurs on the ionization time scale, which
indicates electron correlations should be taken into ac-
count. Double ionizations have become a benchmark for
exploring electron correlation in atoms [21].
∗ li yq@nudt.edu.cn
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Much effort has been made to use cold-target recoil-
ion-momentum spectroscopy to measure two-photon dou-
ble ionization (TPDI) in helium, which is the simplest
three-body atomic system [21–26]. In recent decades,
many time-dependent theoretical methods have been de-
veloped to study the three-body correlated system, in-
cluding the energy spectrum, cross section, and angu-
lar distributions [27–43]. The most powerful ab initio
tool is the time-dependent Schro¨dinger equation or its
varieties, even though it is too difficult to use to in-
vestigate dynamics beyond two-electron systems. Other
reliable theoretical methods, such as the R-matrix for
neon and argon [44, 45], time-dependent wavepacket for
magnesium [46], and time-dependent density matrix for
neon [47], are used in double-photoionization dynam-
ics. However, most works have studied double ioniza-
tion of valence electrons, and few have focused on time-
dependent inner-shell double ionization [48–50]. Never-
theless, research should be devoted to inner-shell electron
correlation on ultrashort time scales.
Inner-shell TPDI occurs only if the double-photon en-
ergy exceeds the sum of the two inner-electron ioniza-
tion thresholds, i.e. 2ω > E1th + E
2
th. An observed phe-
nomenon is that a coherent extreme ultraviolent (XUV)
laser creates hole in the atom, and dissipation occurs
simultaneously. The interplay of coherence and dissi-
pation induces a major change in final dynamic evolu-
tion, and the quantum master equation is a standard
tool for handling the dissipative laser-matter system. In
the last few years, we have successfully developed the
quantum master equation to incorporate laser-induced
ultrafast dynamics of complex atoms by including thou-
sands of atomic states [51]. In this work, we extend the
quantum master equation by including correlated ion-
ization, and explore the inner-shell TPDI of complex
atoms triggered by an XUV attosecond pulse. Under
an adiabatic approximation of photoionization [52, 53],
we include antisymmetric coupled wavefunctions of two
outgoing electrons in the density matrix, where different
angular-momentum channels reveal correlation between
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2ionized electrons. Interestingly, we observe a pronounced
change in inner-shell TPDI in the presence of dissipation.
This paper is organized as follows: In Section II, we
describe how to use the quantum master equation to in-
corporate TPDI. Section III covers our results and dis-
cussion for inner-shell TPDI, where we compare the cases
with and without decoherence. We summarize with a dis-
cussion in Section IV.
II. QUANTUM MASTER EQUATION IN TPDI
We briefly describe the quantum master equation,
where the system is assumed to couple with a reservoir.
Normally, there are an infinite number of variables in the
reservoir, and it is difficult to take all degrees of freedom
into account explicitly. The quantum master equation
can be used to handle this problem by tracing out the
environmental variables [54]. Under the Born-Markov
approximation, the evolution of the reduced density ma-
trix of the system is governed by the master equation
˙ˆρ = i[ρˆ, Hˆs] +
∑
i
γi
2
(2σˆiρˆσˆ
†
i − σˆ†i ρˆσˆi − ρˆσˆ†i σˆi), (1)
where ρˆ denotes the reduced density matrix operator of
the system by tracing out the reservoir degrees of free-
dom, Hˆs is the total system Hamiltonian, γi represents
the decay rate of transition channel i, and σˆi (σˆ
†
i ) denotes
the annihilation (creation) state operator for transition
channel i.
In photoionization, ionized electrons fall into contin-
uum states, and the question is how to take the infinite
number of continuum states into account in the quantum
master equation. Here, we use a similar derivation to that
in Ref. [52, 53] and adiabatically eliminate the infinite
continuum states (except the ionization channel consid-
ered), where the interactions with the infinite continuum
states are described by the decay rates and ac-stark shifts
of the bound states. More details of adiabatic elimina-
tion of continuum states can be found in the Appendix
of Ref. [53].
A. Antisymmetric coupled wavefunctions in the
quantum master equation
Inner-shell 2s2 TPDI is explored on the basis of the an-
tisymmetric coupled wavefunctions in the master equa-
tion. For this, a three-level model for the 2s TPDI of neon
is shown in Fig. 1. Here, εi denotes the kinetic energy
of the i-th ionized electron. The state |1〉 represents the
unionized atom, |2ε1〉 the first ionization consisting of the
ion and one free electron, and |3ε1ε2〉 the second ioniza-
tion consisting of the ion and two free electrons. Coherent
TPDI can be described by |1〉 → |2ε1〉 → |3ε1ε2〉. Other
transition channels, including 2p electron ionization and
spontaneous decay, are treated as dissipative processes
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FIG. 1. Sketch of TPDI for 2s electrons of neon. For con-
venience, |2ε1〉 denotes the first ionized state with electron
kinetic energy ε1 and angular momentum j1, and |3ε1ε2〉 the
second ionized state with first and second ejected electron
|ε1j1〉 and |ε2j2〉, respectively. The red solid lines denote the
TPDI transitions for the 2s electrons, and the green dashed
lines denote the 2p electron ionizations. The blue and red
curved arrows denote spontaneous decay transitions and laser-
induced transitions, respectively.
and taken into the Lindblad term. The physical reason
is that the kinetic energy of an ionized 2p electron is
much higher than that of a 2s electron, inducing the ion-
ized 2p electron state disassociated correlation with core
states in the fact that 2p electron escapes from the atom
in shorter time. For convenience, we neglect the nota-
tion of angular momentum coupling in the above labels.
Final states here are composed of the residual ion and
two ionized electrons in the continuum states, and obey
wavefunction antisymmetry under electron exchange.
We first formally define the relevant states in TPDI,
{|1; JM〉 , |2ε1; (jcj1)JM〉 , |3ε1ε2; (jcj1j2)JM〉 · · · },
(2)
where jc denotes the angular momentum of the residual
ion, and j1 and j2 are the angular momenta of the first
and second ejected 2s electrons, respectively. Quantities
J and M are the total angular momentum and its projec-
tion on the system, respectively. Wavefunction antisym-
metry is included in the final states |3ε1ε2; (jcj1j2)JM〉.
According to angular momentum coupling with exchang-
ing coordinates i and k of two ejected electrons, the ex-
plicit form of the final wavefunction reads
|3ε1ε2; (jcj1j2)JM〉 = 1√
2
(|3εi1εk2 ; [(jcjk2 )J ′, ji1]JM〉
−|3εi2εk1 ; [(jcji2)J ′, jk1 ]JM〉),
(3)
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FIG. 2. Relevant ionization channels in the quantum mas-
ter equation. The dashed lines denote the normal transition
channels, while the solid lines are new channels, due to free-
electron exchange.
where the angular momentum exchange is given by
|3εi2εk1 ; [(jcji2)J ′, jk1 ]JM〉 =
∑
J′′
(−1)j2+j1+J′+J′′
[J ′, J ′′]1/2
{
j2 jc J
′
j1 J J
′′
}
|3εi2εk1 ; [(jcji1)J ′′, jk2 ]JM〉.
(4)
Here, the 6-j coefficient describes the coupling of the
three angular momentums. For double 2s ionizations
with jc = 0, for example, Eq. (3) can be simplified as
|3ε1ε2; (jcj1j2)JM〉 = 1√
2
(|3εi1εk2 ; (jk2 ji1)JM〉
− (−1)s|3εi2εk1 ; (ji1jk2 )JM〉),
(5)
where the phase factor s = j1 + j2. After considering the
antisymmetry of the coupled wavefunctions, one observes
symmetry in the energy spectrum [27].
B. Quantum master equation for TPDI
In this subsection, we extend the master equation to
include two-photon double-2s ionization. The ionization
channels are illustrated in Fig. 2. Here, the intermedi-
ate states denoted by |2εi〉 represent the virtual states
in non-sequential processes and the real states in sequen-
tial processes. Because of indistinguishability, the second
electron |ε2〉 can ionize first. In the next ionization, the
intermediate state |2ε2〉 couples with the continuum state
of the first electron |ε1〉 to form the final state consisting
of the residual ion and two ionized electrons. As shown
in Fig. 2, the final state |3ε1ε2〉 is the combination of
both ionized states, where the two ionization channels
are indistinguishable.
Now, we present the time-dependent differential den-
sity matrix equations for TPDI. For convenience, we ne-
glect the reservoir damping terms of Eq. (1) in our de-
duction, which would maintain the form of the final equa-
tion [52]. Therefore, Eq. (1) takes the Liouville form
˙ˆρ = i[ρˆ(t), Hˆ0 + HˆI(t)]. (6)
In the dipole and rotating-wave approximations, HˆI(t) is
given by
HˆI(t) = −
∑
i,j
Ωij(t)
2
(Dˆij + H.c.). (7)
Here, Ωij(t) = E(t)〈i||dˆ||j〉 represents the Rabi fre-
quency, leading to coherence induced by the laser field.
Normally, the XUV pulse shape Ξ(t) can be assumed to
be a Gaussian profile
E(t) = Ξ(t)cos(ωt) = E0exp
[
− (2ln2)t
2
τ2
]
cos(ωt), (8)
where τ is the full-width-at-half-maximum pulse length.
Using the Wigner-Eckart theorem, Dˆij is given by
Dˆij = (−1)Ji−Mi
(
Ji 1 Jj
−Mi σ Mj
)
|JiMi〉 〈JjMj | , (9)
where σ denotes the laser polarization. In degenerate
conditions, Dˆij = |JiMi〉 〈JjMj |. A detailed derivation
for the five states can be found in Appendix A.
Furthermore, the reduced Rabi coupling between the
final antisymmetric coupled states and intermediate
states reads
M2εn,3ε1ε2(t) =
1√
2
[M2εn,3εi1εk2 (t)δn1δ(εn − ε
i
1)
− (−1)sM2εn,3εi2εk1 (t)δn2δ(εn − ε
i
2)],
(10)
where M2εn,3εi1ε
j
2
(t) ≡ Ξ(t)〈2εn||dˆ||3εi1εj2〉. Here, the
Delta functions guarantee the orthonormalization of con-
tinuum states, and we eliminate the fast-oscillation func-
tion cos(ωt) by substituting ρij = σije
inωt, where n =
0,±1,±2 and ω is the laser frequency.
In the adiabatic approximation, integrations in the
time evolution equations can be absorbed by decay fac-
tors and ac-stark shifts. The latter are neglected because
their contributions are tiny [52]. Plugging Eq. (10) and
the ionization rates into the evolution equation yields the
following differential equations:
σ˙1,1 = −γ12(t)σ1,1, (11)
4σ˙1,2ε1 = i[(∆E21 + ε1 − ω + i
γ12(t) + γ23(t)
2
)σ1,2ε1 +M1,2ε1σ1,1], (12)
σ˙1,3εi1εk2 = i[(∆E31 + ε1 + ε2 − 2ω + i
γ12(t)
2
)σ1,3εi1εk2
+
1√
2
(σ1,2ε1M2ε1,3εi1εk2 − (−1)
sσ1,2ε2M2ε2,3εi2εk1 )],
(13)
σ˙2ε1,2ε1 = i(σ2ε1,1M1,2ε1 −M2ε1,1σ1,2ε1)− γ23(t)σ2ε1,2ε1 , (14)
σ˙2ε1,3εi1εk2 = i[(∆E32 + ε2 − ω + i
γ23(t)
2
)σ2ε1,3εi1εk2 −M2ε1,1σ1,3εi1εk2
+
1√
2
(σ2ε1,2ε1M2ε1,3εi1εk2 − (−1)
sσ2ε1,2ε2M2ε2,3εi2εk1 )],
(15)
σ˙3εi1εk2 ,3εi1εk2 = i
1√
2
(σ3εi1εk2 ,2ε1M2ε1,3εi1εk2 − (−1)
sσ3εi1εk2 ,2ε2M2ε2,3εi2εk1
−σ2ε1,3εi1εk2M3εi1εk2 ,2ε1 + (−1)
sσ2ε2,3εi1εk2M3εi2εk1 ,2ε2),
(16)
σ˙2ε1,2ε2 = i[(ε2 − ε1 + iγ23(t))σ2ε1,2ε2 + σ2ε1,1M1,2ε2 −M2ε1,1σ1,2ε2 ], (17)
σ˙2ε1,3εi2εk1 = i[(∆E32 + ε2 − ω + i
γ23(t)
2
)σ2ε1,3εi2εk1 −M2ε1,1σ1,3εi2εk1
+
1√
2
(σ2ε1,2ε2M2ε2,3εi2εk1 − (−1)
sσ2ε1,2ε1M2ε1,3εi2εk1 )].
(18)
Here, the ionization rates γij(t) = 2pi
∫
dε|Mij(ε, t)|2,
leading to population depletion and decoherence in the
time evolution. The equations include off-diagonal ele-
ments from the new channels because of the free-election
exchange, as can be seen in Eq. (16).
In this work, atomic structure parameters like transi-
tion energies and dipole moments are calculated in flexi-
ble atomic code (FAC) with relativistic effects and config-
uration interaction [55]. Only the electric dipole allowed
(E1) transition channels are included in our calculations,
as they are the major contributors to transitions. To il-
lustrate the applicability of FAC results, dipole moments
are presented in Appendix B, compared by experimen-
tal data and other calculation results. We choose the
XUV photon energy to be ω = 90 eV in the sequential
ionization regime ω > max(E1th, E
2
th) [35]. The ioniza-
tion thresholds are 48.03 eV and 73.32 eV for the two
2s electrons, hence their kinetic energies after ionization
are 41.97 eV and 16.68 eV, respectively. In our simula-
tions, we assume that Coulomb correlations of the ion-
ized electrons are negligible in the continuum states as
the standard processing of 2nd-order time-dependent per-
turbation theory [56, 57]. And the intermediate state is
dominated by the 2s12p6 state of the residual ion by ne-
glecting other states in the basis set. The validity of this
assumption has been verified by detailed comparisons of
transition amplitudes in Appendix B. Besides, relative
contributions of different single ionized states based on
R-matrix method support our simplification [58]. Note
that atomic units are used in the whole paper unless oth-
erwise stated.
III. RESULTS AND DISCUSSION
A. Energy spectrum in inner-shell TPDI
In this subsection, we investigate TPDI of complex
atoms triggered by XUV laser beams, using the quan-
tum master equation. We take neon as an example, for
which Table I shows ten dominant states for the TPDI
of 2s electrons (spontaneous and other ionization decays
are not shown). Therefore, the possible final states are
those with total angular momentum J = 0 or 2 because
of momentum conservation for 2s electrons. As shown
in Table I, there are only five final atomic states com-
posed of the residual ion and ionized electrons, where all
the channels are included in ultrafast TPDI of complex
atoms [59].
We present our numerical results for different pulse
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FIG. 3. Energy spectrum of TPDI for 2s ionizations with a laser intensity of 1014 W/cm2, where (a) and (b) are for a pulse
duration of 100 as, (c) and (d) for 200 as, and (e) and (f) for 500 as. Panels (a), (c) and (e) show two-dimensional energy spectra
without decoherence, where E1 and E2 are the first and second electron kinetic energies (in eV), respectively. Panels (b), (d)
and (f) illustrate one-dimensional energy distributions under the energy conservation condition E1 + E2 = 2ωc − E1th − E2th,
where E1th and E
2
th are the ionization thresholds for the 2s electrons, and ωc represents the central photon energy. The symbol
(J1, J2)J denotes the partial state in Table I, and “sum” denotes the total yield. For comparison, the corresponding dotted
lines denote the results in the presence of decoherence.
durations τ in Fig. 3, which shows the angle-integrated
photo-electron ionization energy spectrum for both 2s
electrons. We clearly observe energy sharing between the
two ionized 2s electrons of neon with broadened peaks lo-
calized symmetrically in the E1−E2 panels. Energy shar-
ing in non-sequential TPDI can be affected by interme-
diate states. In attosecond pulse, the intermediate state
can thus be transiently occupied on off-shell, manifest-
ing kinetic energies of two continuum electrons become
equal [37]. This phenomenon is even more pronounced
for shorter pulses as shown in Fig. 3(a) because the short
pulse duration yields a broader photon spectrum, accord-
ing to the uncertainty principle ∆E ·∆t ∼ ~. However,
TPDI can be regarded as independent sequential ioniza-
tion events in the long-pulse-duration limit τ → +∞,
showing two well-defined discrete peaks.
We should point out that the Coulomb interaction
1/r12 between the two ionized electrons in the continuum
states influences the energy spectra. This effect strongly
depends on the relative ejected angles and kinetic ener-
gies between the two electrons. As shown in Ref. [35],
the “back-to-back” emission mode dominates angular-
momentum distributions for a shorter pulse duration, re-
sulting in a tiny influence of electron-electron repulsion
on final energy spectra. However, for a longer pulse du-
ration, the joint angular distribution approaches the in-
dependent pattern for the two ionized electrons [35]. In
our case of 2s-electron ionizations, the first electron with
an energy of E1 ≈ 41.97 eV moves faster than the sec-
ond one in the same direction with E2 ≈ 16.68 eV. This
diminishes long-range Coulomb repulsion, which retards
the second ionized electron and accelerates the first ion-
ized electron [35]. Actually, this effect only contributes
to the peak shifts separately in the energy spectrum, but
cannot disturb the interplay of the coherent ionization
and dissipation discussed in this paper. Therefore, our
simulations neglect the Coulomb interaction between the
two ionized electrons in the continuum states.
Next, we discuss contributions of partial waves on en-
ergy sharing. Here, one-dimensional energy distributions
[Fig. 3(b), (d) and (f)] are shown along the resonant line
with E1 +E2 = 2ωc−E1th−E2th, where the photon energy
ωc = 90 eV. One can notice that the completely sym-
metric peaks appear with respect to 50% energy shar-
ing, derived from the antisymmetry of the two contin-
uum electrons. We find that the energy sharing mainly
consists of three partial waves with the angular mo-
menta (J1, J2)J=(1/2,1/2)0, (3/2,3/2)0 and (3/2,3/2)2,
whereas the other two D-wave terms with (1/2,3/2)2 and
(3/2,1/2)2 have tiny contributions, as shown in Fig. 3(b).
These phenomena can be explained by the Pauli exclu-
sion principle. In the dipole approximation, the two ion-
6TABLE I. Configuration, angular momentum and energy of
states in the three-level model for TPDI of 2s electrons of
neon. Here, “core” denotes the core state, Jc and Ec the
angular momentum and energy of the residual ion, respec-
tively, and J1 and J2 the angular momenta of the first and
second ionized electrons, respectively, and J the total angular
momentum of the system composed of the residual ion and
ionized electrons.
No. core Jc J1 J2 J Ec(eV)
1 [Ne] 0 - - 0 0
2 2s1 1/2 1/2 - 1 48.03
3 2s1 1/2 3/2 - 1 48.03
4 2s1 1/2 - 1/2 1 48.03
5 2s1 1/2 - 3/2 1 48.03
6 2s0 0 1/2 1/2 0 121.35
7 2s0 0 1/2 3/2 2 121.35
8 2s0 0 3/2 1/2 2 121.35
9 2s0 0 3/2 3/2 0 121.35
10 2s0 0 3/2 3/2 2 121.35
TABLE II. Transition rates B, 2p ionization rates Bi,j , and
2p-to-2s spontaneous decay rates Aj of the three-level states,
induced by a laser pulse with an intensity of 1014 W/cm2
in atomic units (a.u.). The indices i and j correspond to
the lower and upper states, respectively, as shown in Table I.
Values in square brackets represent powers of 10.
i→ j B(a.u.) Bi(a.u.) Bj(a.u.) Aj(a.u.)
1→ 2 9.01[−4] 2.13[−2] - 1.76[-7]
1→ 3 1.80[−3] - - 1.76[-7]
2→ 6 5.08[−4] 3.95[−2] 3.27[−2] 7.42[-7]
2→ 7 2.53[−3] - 2.18[−2] 7.42[-7]
3→ 8 1.27[−3] 3.81[−2] 2.18[−2] 7.42[-7]
3→ 9 5.06[−4] - 3.27[−2] 1.11[-6]
3→ 10 1.27[−3] - 2.18[−2] 7.42[-7]
ized 2s electrons have orbital angular momentum l = 1
and spin angular momentum s = 1/2. For the pro-
cesses triggered by the linearly polarized laser, the states
(1/2,3/2)2 and (3/2,1/2)2 are identical and vanish at
ε1 = ε2, where ε represents kinetic energy. With the in-
crease of the pulse duration τ , the population splits into
two parts and shifts to the resonant points, as shown in
Fig. 3(d) and (f). This shows that the second ionization
mainly occurs after the residual core relaxation, leading
to energy conservation in each partial wave.
To further reveal the underlying physics of energy shar-
ing, we discuss coherence for the relevant channels, which
are naturally included in the off-diagonal elements in the
master equation. Fig. 4 shows those induced coherence
of the second ionization as a function of energy E2, where
absolute values |σij | are shown for the end of the pulse
duration. One can notice that two coherence functions, of
normal (solid lines) and antisymmetric (dashed or dotted
lines) channels with one specific final state, are symmetric
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FIG. 4. Induced coherence of the second ionization channel
|σij | as a function of electron kinetic energy with an intensity
of 1014 W/cm2 for durations τ = 100 as (a) and τ = 500 as
(b). The parameters are the same as in Fig. 3 (b), (d), and (f).
The label “i → j” denotes the result for ionization channels
from the state i to j listed in Table I. The solid (dashed) lines
denote the coherence of normal (antisymmetric) channels, and
the dotted lines are the results in the presence of decoherence
in the corresponding cases.
with each other. For the shorter pulse [Fig. 4(a)], coher-
ence functions regarding three partial waves (1/2,1/2)0,
(3/2,3/2)0 and (3/2,3/2)2 have superposition around the
central point E = ω − (E1th + E2th)/2 = 29.3 eV, which
dominates the populations and contributes significantly
to energy sharing between the ionized electrons. For the
longer pulse [Fig. 4(b)], those peaks shift to E1 = 16.68
or 41.97 eV, the superposition shrinks with decreased
broadening, and energy sharing effects vanish. There-
fore, we can conclude that energy sharing derives from
the superposition of coherence functions in antisymmet-
ric density matrix framework.
A major issue is significant dissipation in the presence
of decoherence channels in coherent attosecond evolution
of inner-shell electrons. As shown in Fig. 1, both sponta-
neous decay and 2p ionization are decoherence channels.
The relevant transition parameters are listed in Table II,
where all time-dependent rates are given for a laser in-
tensity of 1014 W/cm2. Decoherence effects can be ob-
served in Fig. 3(b), (d) and (f), where depopulations are
pronounced for all partial waves. This shows that deco-
herence in inner-shell TPDI dissipates the population in
coherent evolution and damps Rabi oscillation, suppress-
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FIG. 5. Total cross section (cm4s) of TPDI for the 2s electrons
of neon induced by XUV with intensity I0 = 10
14 W/cm2.
The green dashed, red-square and blue-diamond lines denote
τ = 0.1, 0.5 and 0.7 fs, respectively. All results are calculated
in the absence of decoherence.
ing correlation between the two ionized electrons. The
effect is even more pronounced in Fig. 3(f) with τ = 500.
The physical explanation is that population depletion
is enhanced for a longer pulse duration because time-
dependent ionization for the 2p electrons dominates de-
coherence. This dissipation-induced phenomenon is also
verified in section III C, where scaling laws break down
for inner-shell ionization.
B. Total cross section of 2s2 TPDI of neon
In this subsection, we investigate the total cross sec-
tion (TCS) of 2s2 TPDI of neon under an attosecond
pulse. The results are shown in Fig. 5 for an intensity
of I0 = 10
14 W/cm
2
for three pulse durations. The TCS
is investigated in both non-sequential and sequential re-
gions. Conventionally, the generalized TCS in TPDI is
defined for the infinitely long pulse, which reads [37].
σ = (
ω
I0
)2
PDI
Teff
. (19)
Here, PDI denotes the total final yield in double ion-
ization, and Teff represents the effective time of the XUV
laser, with Teff =
∫ +∞
−∞ (I(t)/I0)
2dt. For a Gaussian pulse,
Teff = τ
√
pi/(8ln2). TCSs are initially almost identical
for different τ values in the non-sequential region with
ω < 73 eV, then rise significantly to the maximum, and
then drop gradually for larger τ . The physical reason
is that non-sequential and sequential double ionization
yield PDInon ∝ τ and PDIseq ∝ τ2, respectively [29]. Ac-
tually, the non-sequential channel can be explained by
virtual sequential ionization, so there is no evident dis-
tinction between “sequential” and “non-sequential” [59].
This argument is verified by the apparent and continu-
ous increase of the TCS around the vicinity of the second
ionization threshold ω = 73 eV. Our results have similar
patterns to those of helium obtained by the analytical
model or TDSE [36, 37, 57, 59]. The results in Fig. 5
show that our model can simulate TPDI, which motivates
our exploring the breakdown of the scaling law from de-
coherence.
C. Breakdown of scaling laws in inner-shell TPDI
In this subsection, we explore the scaling law of the
final yields of inner-shell TPDI in the framework of the
master equation. The results are summarized in Fig. 6,
where total free-electron yields in TPDI are obtained by
accounting for all populations of ionized 2s electrons in
the two-dimensional spectrum (Fig. 3). Our results show
a quadratic scaling in the long-pulse limit and a deviation
from quadratic scaling in the short-pulse limit, similar to
results for helium in Ref. [27, 29]. This phenomenon can
be explained by the TPDI scaling law. The total TPDI
yields in the approximation of long pulse duration and
low laser intensity [29] with ρ11 ≈ 1 are given by
PDI =
∫ +∞
−∞
∫ +∞
t
σ1σ2I(t
′)I(t)dt′dt ∝ τ2 · I20 . (20)
This relation reveals that two independent ionization
events dominate the TPDI in the long-pulse limit and
break down in the short-pulse limit because the delay
between the first and second events exceeds the correla-
tion time in the long-pulse limit. In Fig. 6(b), we plot a
log-log graph of the free-electron yield for different kinetic
energies along the resonant line [Fig. 3(a), (c) and (e)] as
a function of τ , and observe a dominant quadratic scaling
in the long-pulse limit. However, the scaling law shifts
from quadratic to biquadratic as the kinetic energy ap-
proaches the resonance condition with ε = 16.7 eV. The
physical explanation can be found in the derivations in
Appendix C. The region of the energy peaks also shrinks
with quadratic scaling when τ increases, making the to-
tal yields of ionized 2s electrons coincide with Eq. (20),
for which the detailed derivation is given in Appendix C.
Comparisons are presented to investigate the influence
of decoherence on the scaling law. The scaling law clearly
breaks down for yields of ionized 2s electrons in TPDI,
as shown in Fig. 6(a) and (b), especially for longer pulse
duration. We also plot the total TPDI yield as a function
of laser intensity I0, and observe a pronounced deviation
in the presence of decoherence even for the short pulse
τ = 100 as, as shown in Fig. 6(c). The adiabatic elimina-
tion in the ground-state evolution represented in Eq. (11)
assumes σ1,1 ≈ 1. This shows that our model holds for
relatively low intensity and correctly simulates dynamics
with an XUV intensity of up to 1016 W/cm2, as shown
in Fig. 6(c), where a few percent of the electrons are ion-
ized. As for higher intensity, we observe total yield of
inner-shell TPDI with considering decoherence deviates
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FIG. 6. Log-log plot of scaling laws of the yield of ionized 2s electrons in TPDI as a function of pulse duration τ (as) or laser
intensity I (W/cm2). (a) Total free-electron yield as a function of τ at an intensity of 1014 W/cm2. (b) Yields for different
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free-electron yield as a function of I for a pulse duration of 100 as.
from the scaling law. The physical reason is that non-
linear dissipative effects, 2p-shell ionizations, induce the
depletion of the ground state population [60]. Our results
confirm that induced decoherence from other ionization
channels are modulated by XUV pulse parameters, mani-
festing time-dependent properties. A distinct breakdown
of scaling laws reveals the importance of decoherence in
inner-shell 2s2 TPDI.
IV. SUMMARY
For uncovering the physics of the interplay between co-
herent drive and dissipative processes in TPDI, we have
explored double inner-shell ionization on the attosecond
time scale, using a generalized quantum master equation.
In our model, the infinite degree of continuum states is
adiabatically eliminated, and the antisymmetry of these
coupled states is included in the density matrix. We took
neon as an example and studied its 2s ionization induced
by an XUV laser beam, where dissipation, including 2p
ionizations and spontaneous decays, were taken into ac-
count in the time evolution. The energy spectrum for two
ejected inner-shell electrons shows that their correlations
are indistinct for short pulse duration and characterized
by energy sharing between them. In the presence of deco-
herence, depopulation and broadening occur around the
energy peaks, and TPDI scaling laws break down. We
also evaluated TCSs of 2s2 TPDI in our model. Our
simulations show the critical role of decoherence even on
the attosecond scale. Thanks to the kinetic energy distri-
bution and domination of intermediate states by 2s12p6,
we believe it is possible to observe 2s2 TPDI events in
the coincidence measurement technique [61]. Details can
see in Appendix B.
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Appendix A: Time-dependent evolution equations in
the cascade three-level model
Inserting the projection operator into the Liouville
equation [Eq. (6)], we obtain the time-dependent evo-
lution equations of the five states:
ρ˙1,1 = i(
∫
ρ1,2ε1Ω2ε1,1dε1 −
∫
Ω1,2ε1ρ2ε1,1dε1), (A1)
ρ˙1,2ε1 = i[(∆E21 + ε1)ρ1,2ε1 + Ω1,2ε1ρ1,1 −
∫
Ω1,2ε′1ρ2ε′1,1dε
′
1 +
∫∫
ρ1,3ε′1ε′2Ω3ε′1ε′2,2ε1dε
′
1dε
′
2], (A2)
ρ˙1,3εi1εk2 = i[(∆E31 + ε1 + ε2)ρ1,3εi1εk2 +
∫
ρ1,2ε′1Ω2ε′1,3εi1εk2dε
′
1 −
∫
Ω1,2ε′1ρ2ε′1,3εi1εk2dε
′
1], (A3)
9ρ˙2ε1,2ε1 = i[ρ2ε1,1Ω1,2ε1 − Ω2ε1,1ρ1,2ε1 +
∫∫
ρ2ε1,3ε′1ε′2Ω3ε′1ε′2,2ε1dε
′
1dε
′
2 −
∫∫
Ω2ε1,3ε′1ε′2ρ3ε′1ε′2,2ε1dε
′
1dε
′
2], (A4)
ρ˙2ε1,3εi1εk2 = i[(∆E32 + ε2)ρ2ε1,3εi1εk2 −Ω2ε1,1ρ1,3εi1εk2 +
∫
ρ2ε1,2ε′1Ω2ε′1,3εi1εk2dε
′
1−
∫∫
Ω2ε1,3ε′1ε′2ρ3ε′1ε′2,3εi1εk2dε
′
1dε
′
2], (A5)
ρ˙3εi1εk2 ,3εi1εk2 = i(
∫
ρ3εi1εk2 ,2ε′1Ω2ε′1,3εi1εk2dε
′
1 −
∫
Ω3εi1εk2 ,2ε′1ρ2ε′1,3εi1εk2dε
′
1
+
∫∫
ρ3εi1εk2 ,3ε′1ε′2Ω3ε′1ε′2,3εi1εk2dε
′
1dε
′
2 −
∫∫
Ω3εi1εk2 ,3ε′1ε′2ρ3ε′1ε′2,3εi1εk2dε
′
1dε
′
2),
(A6)
ρ˙2ε1,2ε2 = i[(ε2 − ε1)ρ2ε1,2ε2 + ρ2ε1,1Ω1,2ε2 − Ω2ε1,1ρ1,2ε2
+
∫∫
ρ2ε1,3ε′1ε′2Ω3ε′1ε′2,2ε1dε
′
1dε
′
2 −
∫∫
Ω2ε1,3ε′1ε′2ρ3ε′1ε′2,2ε1dε
′
1dε
′
2],
(A7)
ρ˙2ε1,3εi2εk1 = i[(∆E32 + ε2)ρ2ε1,3εi2εk1 −Ω2ε1,1ρ1,3εi2εk1 +
∫
ρ2ε1,2ε′1Ω2ε′1,3εi2εk1dε
′
1−
∫∫
Ω2ε1,3ε′1ε′2ρ3ε′1ε′2,3εi2εk1dε
′
1dε
′
2], (A8)
ρ˙1,2ε2 = . . . ; ρ˙1,3εi2εk1 = . . . ; ρ2ε2,2ε2 = . . . ; ρ2ε2,3εi2εk1 = . . . ; ρ3εi2εk1 ,3εi2εk1 = . . . ; ρ˙2ε2,3εi1εk2 = . . . . (A9)
Here, we only present half of the off-diagonal elements,
ρij(i < j), because ρ
∗
ij = ρji(i 6= j). Terms with ε2 have
the same form as those with ε1, so we do not present
them in Eq. (A9).
Appendix B: Relevant FAC results and discussions
To illustrate applicability of FAC results, comparisons
with the available experimental partial cross section for
2s22p6 1S0 - 2s
12p6 2S1/2 ionization and other calcula-
tion results are shown in Fig. 7. One can see that FAC
results are close to relativistic random phase approxima-
tion (RRPA), and more accurate than Hartree-Fock (HF)
method. Notice that the trend follows the experimental
data with some underestimations. Actually, discrepan-
cies in transition energies or dipole matrix elements do
not have a significant impact on the dynamical evolution.
TABLE III. Transition energy ∆E (eV) and cross section σ
(Mb) for different ionization channels. Values in square brack-
ets represent powers of 10.
Step Former Latter ∆E (eV) σ (Mb)
I 2s22p6
2s12p6 48.03 2.479[-1]
2s22p43s1 50.31 4.550[-2]
2s22p43d1 54.20 1.314[-2]
II
2s12p6
2p6
73.75 2.198[-1]
2s22p43s1 71.50 2.364[-2]
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FIG. 7. Partial photoionization cross section σ (Mb) of
2s22p6 1S0 - 2s
12p6 2S1/2 transition on neon as the function
of photon energy ω (eV). HF and RPA in Ref. [62]. RRPA in
Ref. [63]. Exp. in Ref. [64].
In this work, we deal with 2s2 TPDI processes of neon,
and select dominant states for these processes in the time
evolution. The intermediate states in our method do
not include 2p-shell ionization channels, since we have
regarded them as dominant decoherent effects. Our se-
lection can also be justified by cross sections of different
channels, as shown in Table III. Double excitations of Ne
have negligible contributions on intermediate states. And
specific channels are presented with cross sections larger
than 0.01 Mb. One can see that double ionizations of 2s-
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shell electrons dominate ionization events, with 6 times
larger than the other excited states at least. Hence, we
argue that the intermediate state is dominated by 2s12p6
of the residual ion by neglecting the others.
TABLE IV. Cross section σ (Mb) and electron kinetic energy Ei (eV) for different channels regarding double ionizations, i.e.
two-photon (TPDI) or single-photon (SPDI) processes. i = 1 and = 2 represent the first and second ionization, respectively.
Notice that Ei and σ are presented at peak point.
Transition Process E1 (eV)
a E2 (eV)
a E1 + E2 (eV)
a σ (Mb)
2s22p6 1S - 2s22p5 2P o - 2s22p4 3P TPDI 68.4 49.1 117.5 3.7(2)b, 1.646
2s22p6 1S - 2s22p5 2P o - 2s22p4 1D TPDI 68.4 45.9 114.3 3.7(2)b, 1.051
2s22p6 1S - 2s22p5 2P o - 2s22p4 1S TPDI 68.4 42.2 110.6 3.7(2)b, 0.230
2s22p6 1S - 2s12p6 2S - 2s12p5 3P o TPDI 41.5 50.6 92.1 0.248, 0.911
2s22p6 1S - 2s12p6 2S - 2s12p5 1P o TPDI 41.5 40.1 81.6 0.248, 0.477
2s22p6 1S - 2s22p5 2P o - 2s12p5 3P o TPDI 68.4 23.7 92.1 3.7(2)b, 0.623
2s22p6 1S - 2s22p5 2P o - 2s12p5 1P o TPDI 68.4 13.2 81.6 3.7(2)b, 0.297
2s22p6 1S - 2s12p6 2S - 2p6 1S TPDI 41.5 16.6 58.1 0.248, 0.220
2s22p6 1S - 2s22p43s1 2S - 2p6 1S TPDI 34.1 24.0 58.1 0.046, 0.024
2s22p6 1S - 2s22p4 3P SPDI - - 26.3 0.078(7)c
2s22p6 1S - 2s22p4 1D SPDI - - 23.2 0.089(8)c
2s22p6 1S - 2s22p4 1S SPDI - - 19.5 0.025(3)c
2s22p6 1S - 2s22p4 3P SPDI - - 1.2 0.011(2)c
a NIST atomic database
b Experimental data in Ref. [64]
c Experimental data in Ref. [61]
To clarify the possibility for observing 2s2 TPDI ex-
perimentally, we make a detailed analysis of diverse dou-
ble ionizations in Table IV, neglecting other minor chan-
nels. One can see that contributions from SPDI channels
are quite small, without obvious overlaps for concerned
2s2 TPDI in two-dimensional energy spectra. Peaks re-
garding 2p-shell ionizations can still be distinguished in
shorter pulses due to the larger energy deviation. As for
channels with different intermediate states, contribution
of the intermediate state 2s22p43s1 is approximately 2%,
compared with that of 2s12p6. Therefore, we believe it
is possible to observe 2s2 TPDI in the coincidence mea-
surement experiment.
Appendix C: Proof of power law of peak points
In this appendix, we obtain the analytic formula
using first-order perturbation theory as well as the
independent-ionization approximation. These two as-
sumptions are valid only for very low XUV intensity, i.e.
the population loss in the ground state is negligible.
First, we can separate the three levels into two inde-
pendent transition channels, with final TPDI yields that
are multiples of two upper-state populations in each ion-
ization [Eq. (20)]. Therefore, we only need to prove the
quadratic relation for the excitation population of the
two-level model as a function of τ .
Then, the time-dependent Schro¨dinger equation has
the form iψ˙(t) = HI(t)ψ(t) in the interaction picture,
where HI(t) =
1
2Ω(t)(σ
†e−iψ + σeiψ) is denoted by the
perturbation interaction in the rotating framework. The
coupled differential equations of the coefficients c1(t) of
the ground state and c2(t) of the excited state ψ = 0 are c˙1(t) = −i
Ω(t)
2 c2(t)
c˙2(t) = −iΩ(t)2 c1(t).
(C1)
We choose the initial occupations
c1(0) = 1, c2(0) = 0. (C2)
In the zero-order approximation, perturbation is ne-
glected. The results are
c
(0)
1 (t) = 1, c
(0)
2 (t) = 0. (C3)
Taking the zero-order results into Eq.(C1), the first-order
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results can be obtained: c˙
(1)
1 (t) = 0
c˙
(1)
2 (t) = −iΩ(t)2 .
(C4)
The Rabi frequency is modulated by the time-dependent
XUV envelope according to Eq.(8). Therefore, the coef-
ficient c2(t) of the excited state is given by
c
(1)
2 (t) = −i
d
2
∫ +∞
−∞
e−
2ln2t2
τ2 dt ∝ τ. (C5)
Therefore, the population of the excited state is propor-
tional to the square of the duration: ρ22 ∝ τ2. In con-
clusion, the population of the peak center is biquadratic
with the duration: P c ∝ τ4. We should mention that
this relation strongly relies on the pulse characters.
In Fig. 6(b), the biquadratic behavior of the total
TPDI yield PDI for ε = 16.7 eV deviates from the
quadratic scaling for the other energies. However, this
can be confirmed by taking the total population of all
points in the broadened peak area of the energy spec-
trum:
P csum =
∫ ∫
P c · I(ε1)I(ε2)dε1dε2
∝
∫ ∫
τ4e
ε′21 +ε′22
Γ2 dε′1dε
′
2 ∝ τ2,
(C6)
where Γ denotes the full width at half-maximum with
respect to photon energy. Hence, the relation with pulse
duration is Γ · τ ∼ ~. Equation (C6) shows that even
though P c ∝ τ4, the energy peak region contracts with
quadratic scaling, which coincides with the TPDI scaling
law.
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